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We present state of the art resummation predictions for differential cross sections in top-quark
pair production at the LHC. They are derived from a formalism which allows the simultaneous
resummation of both soft and small-mass logarithms, which endanger the convergence of fixed-
order perturbative series in the boosted regime, where the partonic center-of-mass energy is much
larger than the mass to the top quark. We combine such a double resummation at NNLL′ accuracy
with standard soft-gluon resummation at NNLL accuracy and with NLO calculations, so that our
results are applicable throughout the whole phase space. We find that the resummation effects on
the differential distributions are significant, bringing theoretical predictions into better agreement
with experimental data compared to fixed-order calculations. Moreover, such effects are not well
described by the NNLO approximation of the resummation formula, especially in the high-energy
tails of the distributions, highlighting the importance of all-orders resummation in dedicated studies
of boosted top production.
INTRODUCTION
The 8 TeV run of the LHC delivered about 20 fb−1 of
integrated luminosity to both the ATLAS and CMS ex-
periments. Among the many important results coming
from these data, the properties of the top-quark have
been measured with unprecedented precision. At the
same time, theoretical calculations of top-quark related
observables have seen significant advancements in the last
few years. In particular, very recently the next-to-next-
to-leading order (NNLO) QCD corrections to differential
cross sections in top-quark pair (tt¯) production have been
calculated [1]. In [2], the CMS collaboration performed a
comprehensive comparison between their measurements
[3] of the differential cross sections and various theoreti-
cal predictions, including those from the NNLO calcula-
tion and those from Monte Carlo event generators with
next-to-leading order (NLO) accuracy matched to par-
ton showers. The overall agreement between theory and
data is truly remarkable, which adds to the success of
the Standard Model (SM) as an effective description of
Nature.
However, a persistent issue in the 8 TeV results is that
the transverse momentum (pT ) distribution of the top
quark is softer in the data than in theoretical predic-
tions, i.e., the experimentally measured differential cross
section at high pT is lower than predictions from event
generators or from NLO fixed-order calculations [3, 4].
While the NNLO corrections bring the fixed-order pre-
dictions into better agreement with the CMS data, as
noted in [1] and [2], there is still some discrepancy in the
high-pT bins where pT > 200 GeV. Given the importance
of the tt¯ production process as a standard candle for val-
idating the SM and as an essential background for new
physics searches, it would be disconcerting if this feature
were to persist at higher pT values and with more data.
It is therefore important to assess the effects of QCD cor-
rections even beyond NNLO, in order to see whether the
gap between theory and data at high pT can be bridged.
For boosted top-quark pairs with high pT there are two
classes of potentially large contributions. The first is the
Sudakov-type double logarithms arising from soft gluon
emissions. The second comes from gluons emitted nearly
parallel to the top quarks, resulting in large logarithms of
the form lnn(mt/mT ), where mt is the top quark mass,
and mT ≡
√
m2t + p
2
T is the transverse mass of the top
quark. In [5], some of the authors of the current work
developed a formalism for the simultaneous resumma-
tion of both type of logarithms to all orders in the strong
coupling constant αs. In this Letter, we report the first
phenomenological applications of that formalism, giving
predictions for the top-quark pT and the tt¯ invariant mass
distributions at the 8 TeV LHC, and comparing with ex-
perimental measurements as well as the NNLO calcula-
tions when possible. With an eye to the future, we also
present predictions for the 13 TeV LHC, where NNLO
results are not yet available.
Our main finding is that the higher-order effects con-
tained in our resummation formalism significantly alter
the high-energy tails of the pT and tt¯ invariant mass dis-
tributions, softening that of the pT distribution but en-
hancing that of the tt¯ invariant mass distribution. These
effects bring our results into better agreement with the
experimental data compared to pure NLO fixed-order
calculations. Interestingly, for the case of the pT distri-
bution, this softening of the spectrum is slightly stronger
than the similar effect displayed in recent NNLO results,
and leads to a better modeling of the pT > 200 GeV por-
tion of the CMS data [3]. We comment further on this
fact in the conclusions.
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2FORMALISM
Our predictions are based on the factorization and
resummation formula derived in [5]. The technical de-
tails will be given in a forthcoming article, although the
main elements have already been sketched out in [6]. In
the kinematic situation where the top quarks are highly
boosted and the events are dominated by soft gluon emis-
sions, the resummed partonic differential cross section in
Mellin space can be written as
c˜ij(N,Mtt¯,mt, µf ) = Tr
[
U˜ij(µf , µh, µs)Hij(Mtt¯, µh)
× U˜ †ij(µf , µh, µs)× s˜ij
(
ln
M2tt¯
N¯2µ2s
, µs
)]
(1)
× U˜2D(µf , µdh, µds)C2D(mt, µdh) s˜2D
(
ln
mt
N¯µds
, µds
)
,
where for simplicity, we have suppressed some variables
in the functional arguments which are unnecessary for
the explanations below. In the above formula, Mtt¯ is
the invariant mass of the tt¯ pair (which can be related
to the pT of the top quark in the soft limit through a
change of variables), N is the Mellin moment variable,
and N¯ ≡ NeγE with γE the Euler constant. The soft
limit corresponds to N → ∞ in Mellin space. The four
coefficient functions Hij , s˜ij , CD and s˜D encode con-
tributions from four widely-separated energy scales Mtt¯,
Mtt¯/N¯ , mt and mt/N¯ , respectively. The presence of the
four scales leads to the two types of large logarithms dis-
cussed in the introduction. In correspondence with these
four physical scales, there are four unphysical renormal-
ization scales µh, µs, µdh and µds, one for each coefficient
function. The philosophy of resummation is to choose the
four unphysical scales to be around their corresponding
physical scales, so that the four coefficient functions are
free of large logarithms and are well-behaved in fixed-
order perturbation theory. One can then use renormal-
ization group (RG) equations to evolve these functions
to the factorization scale µf in order to convolute with
the parton distribution functions (PDFs) and obtain the
hadronic cross sections. The effects of the RG running
are encoded in the two evolution factors U˜ij (for Hij and
s˜ij) and U˜D (for CD and s˜D), which resum all the large
logarithms to all orders in αs in an exponential form.
At the moment, the four coefficient functions are
known to NNLO [5, 7, 8], while the two evolution fac-
tors are known to next-to-next-to-leading logarithmic
(NNLL) accuracy [5]. Such a level of accuracy is usu-
ally referred to as NNLL′ in the literature, and we adopt
that nomenclature here. While the formula (1) is only
applicable in the boosted soft limit, we can extend its
domain of validity by combining it with information from
NNLL soft gluon resummation derived in [9] (recast into
Mellin space) as well as the NLO fixed-order result cal-
culated in [10] and implemented in MCFM [11]. The
precise matching formula can be found in [6]. After such
a matching procedure, we denote the final accuracy of
our predictions, which are valid throughout phase space,
as NLO+NNLL′.
It would be desirable to match with the recent NNLO
results in [1] to achieve NNLO+NNLL′ accuracy. How-
ever, at the moment NNLO results are only available
for fixed (i.e., kinematics-independent) factorization and
renormalization scales µf ∼ µr ∼ mt, whereas for the
study of differential distributions over large ranges of
phase space we consider it important to follow common
practice and use dynamical (i.e., kinematics-dependent)
scale choices. Therefore, such an improvement over our
result is not currently possible, and we leave it for the
future.
PHENOMENOLOGY
In the following we present NLO+NNLL′ predictions
for the Mtt¯ and pT distributions at the LHC. In all
our numerics we choose mt = 173.2 GeV and use
MSTW2008NNLO PDFs [12]. For pT distributions, the
default values for the factorization scale and the four
renormalization scales are chosen as µf = mT , µh = Mtt¯,
µs = Mtt¯/N¯ , µdh = mt and µds = mt/N¯ . For Mtt¯ dis-
tributions, the only difference is µf = Mtt¯. We estimate
scale uncertainties by varying the five scales around their
default values by factors of two and combining the result-
ing variations of differential cross sections in quadrature;
we do not consider uncertainties from PDFs and αs in
this Letter. The hadronic differential cross sections are
first evaluated in Mellin space at a given point in phase
space, and we then perform the inverse Mellin transform
numerically using the Minimal Prescription [13]. This
procedure relies on an efficient construction of Mellin-
transformed parton luminosities, for which we use meth-
ods outlined in [14, 15].
The differential cross sections considered below span
several orders of magnitude when going from low to high
values of pT or Mtt¯. In order to better display the relative
sizes of various results, we show in the lower panel of
each plot the differential cross sections normalized to our
default prediction, i.e., the ratio defined by
Ratio ≡ dσ
dσNLO+NNLL
′(
µi = µdefaulti
) . (2)
Fig. 1 compares our NLO+NNLL′ resummed predic-
tion for the normalized top-quark pT distribution to
the CMS measurement [3] in the lepton+jet channel at
the LHC with a center-of-mass energy
√
s = 8 TeV.
Also shown is the NNLO result from [1], which adopted
by default the renormalization and factorization scales
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FIG. 1. Resummed prediction (blue band) for the normalized
top-quark pT distribution at the 8 TeV LHC compared with
CMS data (red crosses) [3] and the NNLO result (magenta
band) [1]. The lower panel shows results normalized to the
default NLO+NNLL′ prediction.
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FIG. 2. Resummed prediction (blue band) for the absolute
pT distribution at the 8 TeV LHC in the boosted region com-
pared with the ATLAS data (red crosses) [4] and the NLO
result (magenta band).
µr = µf = mt, and also used a slightly different top-
quark mass, mt = 173.3 GeV. At low pT , it is clear
that both the NLO+NNLL′ and the NNLO results de-
scribe the data fairly well. With the increase of pT , it
appears that the NNLO prediction systematically overes-
timates the data, although there is still agreement within
errors. On the other hand, with the simultaneous resum-
mation of the soft gluon logarithms and the mass log-
arithms and also with the dynamical scale choices, our
NLO+NNLL′ resummed formula produces a softer spec-
trum which agrees well with the data.
In [4], the ATLAS collaboration carried out a measure-
ment of the top-quark pT spectrum in the highly-boosted
region using fat-jet techniques. Although the experimen-
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FIG. 3. Resummed prediction (blue band) for the absolute
Mtt¯ distribution at the 8 TeV LHC compared with ATLAS
data (red crosses) [16] and the NLO result (magenta band).
tal uncertainty is rather large due to limited statistics, it
is interesting to compare it with the theoretical predic-
tions here, since it is expected that the soft and small-
mass logarithms become more relevant at higher energies.
In Fig. 2 we show such a comparison. The NNLO result
for such high pT values is not yet available, so we com-
pare instead with the NLO result computed using MCFM
with MSTW2008NLO PDFs and dynamical renormaliza-
tion and factorization scales, whose default values are
µr = µf = mT . Scale uncertainties of the NLO results
are estimated through variations of µr = µf by a factor of
two around the default value. From the plot one can see
that the NLO result calculated in this way does a good
job in estimating the residual uncertainty from higher
order corrections, as the resummed band lies almost in-
side the NLO one up to pT = 1.2 TeV. On the other
hand, the inclusion of the higher-order logarithms in the
NLO+NNLL′ result significantly reduces the theoretical
uncertainty, which is crucial for future high precision ex-
periments at the LHC.
Our formalism is flexible and can be applied to other
differential distributions as well. To demonstrate this
fact, in Fig. 3 we show the NLO+NNLL′ resummed pre-
diction for the top-quark pair invariant mass distribution
along with a measurement from the ATLAS collaboration
[16] at the 8 TeV LHC. Since the NNLO result in [1] for
this distribution has an incompatible binning, it is cur-
rently not possible to include it in the plot, so we show
instead the NLO result computed with the same input
as in Fig. 2, but this time with the default scale choice
µr = µf = Mtt¯. One can see from the plot that the NLO
result with this scale choice is consistently lower than
the experimental data. The resummation effects signif-
icantly enhance the differential cross sections, especially
at high Mtt¯. As a result, the NLO+NNLL
′ prediction
agrees with data quite well. We have found that choos-
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FIG. 4. Resummed predictions (blue bands) for the pT and
Mtt¯ distributions at the 13 TeV LHC compared with the NLO
results (magenta bands).
ing the default renormalization and factorization scales
to be half the invariant mass increases the fixed-order
cross section and therefore mimics to some extent the
resummation effects. In fact, this procedure has been ex-
tensively employed in the literature for processes such as
Higgs production [17], where higher-order corrections are
also large. Consequently, it may be advisable to employ
a renormalization and factorization scale of the order of
Mtt¯/2 in fixed-order calculations (and Monte Carlo event
generators), and we shall use this choice when studying
the Mtt¯ distribution at the 13 TeV LHC below.
The LHC has started the 13 TeV run in 2015. So far
there are only two CMS measurements [18, 19] of dif-
ferential cross sections for tt¯ production, based on just
42 pb−1 of data. The resulting experimental uncertain-
ties are therefore quite large and it is not yet possible to
probe higher pT or Mtt¯ values. Nevertheless, in the near
future there will be a large amount of high-energy data,
which will enable high-precision measurements of tt¯ kine-
matic distributions, also in the boosted regime. In Fig. 4
we show our predictions for the pT and Mtt¯ spectrum
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FIG. 5. Relative sizes of the corrections at approximate
NNLO (blue) and beyond (black), with respect to NLO. See
Eq. (3) and the explanations there for precise definitions.
up to pT = 2 TeV and Mtt¯ = 4.34 TeV, contrasted with
the NLO results. Note that for the Mtt¯ distribution, we
have changed the default µf to a lower value Mtt¯/2 for
the reasons explained above. The plots exhibit similar
patterns as observed at 8 TeV, namely that the higher-
order resummation effects serve to soften the tail of the
pT distribution but enhance that of the Mtt¯ distribution
compared to a pure NLO calculation.
As mentioned before, we would like to match our calcu-
lations with the NNLO results when they become avail-
able in the future. We end this section by discussing
the expected effects of such a matching, by estimating
the size of resummation corrections beyond NNLO. We
do this in Fig. 5, where the relative sizes of the beyond-
NNLO corrections generated through the resummation
formula are displayed as a function of Mtt¯ or pT with
the default scale choices. The exact NNLO results for
these scale choices are not yet available, so we show in
comparison the relative sizes of the approximate NNLO
(aNNLO) corrections obtained by expanding and trun-
cating our resummation formula to that order. More
precisely, the blue and black curves in Fig. 5 correspond
to
aNNLO correction ≡ dσ
aNNLO − dσNLO
dσNLO
, (3)
Beyond NNLO ≡ dσ
NLO+NNLL′ − dσaNNLO
dσNLO
,
where dσaNNLO refers to the approximate NNLO result.
The figure clearly shows that corrections beyond NNLO
are significant in the tails of the distributions, especially
in the case of the Mtt¯ distribution.
5CONCLUSIONS AND OUTLOOK
In this Letter we have presented new resummation
predictions for differential cross sections in tt¯ produc-
tion at the LHC. The predictions include the simul-
taneous resummation to NNLL′ accuracy of both soft
and small-mass logarithms, which endanger the conver-
gence of the fixed-order perturbative series in the boosted
regime where the partonic center-of-mass energy is much
larger than the mass of the top quark. This resummation
is matched with both standard soft-gluon resummation
at NNLL accuracy and fixed-order NLO calculations, so
that our results are applicable in the whole phase space.
Such predictions for tt¯ differential distributions at the
LHC are not only the first to be calculated in Mellin
space, but also represent the highest resummation accu-
racy achieved to date, namely NLO+NNLL′. Our results
are thus a major step forward in the modeling of high-
energy tails of distributions, which is of great importance
for new physics searches.
The agreement of NLO+NNLL′ predictions with data
indicates the value of including resummation effects and
using dynamical scale settings correlated with pT or
Mtt¯ when studying differential distributions. Interest-
ingly, in the case of normalized pT distribution measured
by the CMS collaboration [3], the NLO+NNLL′ calcu-
lation produces a slightly softer spectrum than recent
NNLO predictions (which use a fixed scale setting where
µf = µr = mt by default), thus achieving a better agree-
ment with the data. However, we emphasize that the
optimal use of resummation is to supplement NNLO cal-
culations, not to replace them. With this in mind, we
have studied the size of corrections beyond NNLO en-
coded in our resummation formula, and found that their
effects are significant in the high-energy tails of distri-
butions, especially for the tt¯ invariant mass distribution
where they enhance the differential cross section. It will
therefore be an essential and informative exercise to pro-
duce NNLO+NNLL′ predictions once NNLO calculations
are available with dynamical scale settings.
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